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Abstract. Denote by C„,d the nilpotency degree of a relatively free 
algebra generated by d elements and satisfying the identity x n — 0. 
Under assumption that the characteristic p of the base field is greater 
than n/2, it is shown that C n ,d < n log2(3d+2)+1 and C n ,d < 4 ■ 2%d. 
In particular, it is established that the nilpotency degree C n ,d has a 
polynomial growth in case the number of generators d is fixed and p > 
For p / 2 the nilpotency degree C^,d is described with deviation 3 for 
all d. As an application, a finite generating set for the algebra R GL ^ of 
GL(n)-invariants of d matrices is established in terms of C n ,d- Several 
conjectures are formulated. 
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1. Introduction 

We assume that F is an infinite field of arbitrary characteristic p = charF > 0. 
All vector spaces, algebras and modules are over F and all algebras are associative 
with unity unless otherwise stated. 

We denote by M. = M(xi, . . . ,Xd) the semigroup (without unity) freely gener- 
ated by letters x±, . . . , Xd and denote by M.w = Mw{xt, . . . , Xd) the vector space 
with the basis A4. Let 

N n , d = N n<d {x u ...,x d ) = — - 

ldja;" | x s A1f} 

be the relatively free algebra with the identity x n — 0. The connection between this 
algebra and analogues of the Burnside problems for associative algebras suggested 
by Kurosh and Levitzky is discussed in recent survey |29j by Zelmanov. 
We write 

C n ,d — min{c > 1 a\ ■ ■ ■ a c = for all a%, . . . , a c € N rh d} 

for the nilpotency degree of N rh d- Since = 1 an d C n .\ — n, we assume that 
n, d > 2 unless otherwise stated. Obviously, C n ^d depends only on n, d, and p. 
We consider the following three cases: 

(a) p = 0; 

(b) < p < n; 

(c) p > n. 

By the well-known Nagata-Higman Theorem (see [24] and [12]), which at first 
was proved by Dubnov and Ivanov [9] in 1943, C n ,d < 2" in cases (a) and (c). 
As it was pointed out in [6], C ni d > d in case (b); in particular, C rh d — > oo as 
rf->oo. Thus, the case (b) is drastically different from cases (a) and (c). In 1974 
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Razmyslov |26] proved that C n ^d < n 2 in case (a). As about lower bounds on C n ,d, 
in 1975 Kuzmin [T^] established that C n ,d > \n(n + 1) in cases (a) and (c) and 
conjectured that C n ^ is actually equal to kn(n + 1) in these cases. A proof of 
the mentioned lower bound was reproduced in books [8] and [3] (see page 341). 
Kuzmin's conjecture is still unproven apart from some partial cases. Namely, the 
conjecture holds for n — 2 and n — 3 (for example, see [17] ). In case (a) the 
conjecture was proved for n = 4 by Vaughan-Lee [28] and for n = 5, d = 2 by 
Shcstakov and Zhukavets [27]. 

Using approach by Belov [5] , Klein [TS] obtained that for an arbitrary character- 
istic the inequalities C n ,d < and C n ^ < ( m li)i n " d m hold, where m = [n/2]. 
Here [a] (where a £ R) stands for the largest integer b < a. Recently, Belov and 
Kharitonov [4] established that C„, d < 2 18 . n i2iog 3 (™)+28 d ( see Remark EH for more 
details). Moreover, they proved that a similar estimation also holds for the Shirshov 
Height of a finitely generated Pi-algebra. We can summarize the above mentioned 
bounds on the nilpotency degree as follows: 

• if p = 0, then \n(n + 1) < C n ,d < n 2 ] 

• if < p < n, then d < C n . d < \n Q d n and C n>d < 2 18 • n i2iog 3 (»)+28 d; 

• if p > n, then \n(n + 1) < C„ i(i < 2™. 

For d > and arbitrary characteristic of the field the nilpotency degree C n ,d is 
known for n = 2 (for example, see [6]) and n = 3 (see [17] and [T8]): 

or p > 3 
2 and d = 2 
2 and d > 2 
3. 

In this paper we obtained the following upper bounds on C Ut d' 

• C, lt d < n}° s ^ 3d+2 "> +1 in case p > | (see Corollary 13. ip. Therefore, we 
establish a polynomial upper bound on C n- d under assumption that the 
number of generators d is fixed. 

• C n ,d < 4 • 2%d for § < p < n (see Corollary l4"7Tj) . Modulo Conjecture \TM 
we prove that C n ^d < n 2 \n(n)d for ^ < p < n (see Corollary 14 .7[) . 

• C^d is described with deviation 3 for all d under assumption that p =/= 2 
(see Theorem 15. ip . 

Note that even in the partial case of p > n and d = 2 a polynomial bound on 
C n _d has not been known. If n is fixed and d is large enough, then the bound from 
Corollary 14.11 is better than that from Corollary 13.11 In Remark 14.81 we show that 
for p > f , 4 < n < 2000, and all d the bound from Corollary 14. II is at least 10 20 
times better than the bounds by Belov and Kharitonov [1]. 

As an application, we consider the algebra i? Gi (") of GL(n)-invariants of sev- 
eral matrices and describe a finite generating set for i? GL ( n ) in terms of C n ,d (see 
Theorem 16. 2p . We conjecture that R GL ^ is actually generated by its elements of 
degree less or equal to C n ,d (see Conjecture 16. 3p . 

The paper is organized as follows. In Section [5] we establish a key recursive 
formula for an upper bound on C n ,d that holds in case p = or p > § (see 



C2,d — 



3, ifp = 0orp>2 
d + ifp = 2 



and C 3td = 



6, Hp 

6, Hp 

d + 3, if p 

3<2+l, Hp 
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Theorem ESJ): 

n 

(i) c„ id <d^(i-i)q n/iM + i. 

i=2 

The main idea of proof of Theorem 12.51 is the following one. We introduce some 
partial order > on M and the x-equivalence on A4w in such a way that / x h 
if and only if the image of / — h in N n ,d belongs to F-span of elements that are 
bigger than / — h with respect to >. Since N n> d is homogeneous with respect to 
degrees, there exists a w G M. satisfying w ^ and C n ,d = deg w + 1. Thus we can 
deal with the x-equivalence instead of the equality in N n ,d- Some relations of N n ,d 
modulo x-equivalence resembles relations of Nk,d for k < n (see formula (J2J). This 
fact allows us to obtain the upper bound on C n ,d in terms of Ck t d, where k < n. 
To illustrate the proof of Theorem [231 m Example 12 .71 we consider the partial case 
of n = 5 and p ^ 2. Note that a similar approach to the problem of description of 
C n d can be originated from every partial order on M. 

In Section[3]we apply recursive formula (TTJ) several times to obtain the polynomial 
bound from Corollary 13.11 On the other hand, in Section U we use formula ([T]) 
together with the Nagata-Higman Theorem to establish Corollary [4Tj Formula (fTJ) 
is applied to the partial case of n < 9 in Corollary 14.51 

In Section [5] we develop the approach from Section [2] for n = 4 to prove Theo- 
rem l5.ll We define a new partial order y on M. 1 which is weaker than >, and obtain 
a new PS-equivalence on Air, which is stronger than x-equivalence. Considering 
relations of N^d modulo w-equi valence, we obtain the required bounds on C^d- 

Section [6] is dedicated to the algebras of invariants of several matrices. 

We end up this section with the following optimistic conjecture, which follows 
from Kuzmin's conjecture. We write C n ^d,p for C n _d- 

Conjecture 1.1. For all p > n we have C' ni d,o = C nj d, P - 

This conjecture holds for n — 2,3 (see above). Note that Conjecture 14.61 follows 
from Conjecture II .11 by the above mentioned result by Razmyslov. 



2. Recursive upper bound 

We start with some notations. Let N= {1,2,.. .}, N = NU{0}, and F* = F\{0}. 
Denote A^i=A^U{l}, i.e., we endow A4 with the unity. Given a letter x, denote 
by MP X the set of words ai ■ ■ ■ a r € A4 such that neither letter a\ nor letter a r is 
equal to x and r > 0. 

For a E Mi and a letter x we denote by deg x (a) the degree of a in the letter 
x and by mdeg(et) = (deg (a), . . . ,deg x (a)) the multidegree of a. For short, we 
write l r for (1, . . . , 1) (r times) and say that a is multilinear in case mdeg(a) = 1'*. 

Given a = (ai, . . . , a r ) G Nq, we set #a = r, \a\ = cti + • • • + a r , and a ord = 
(a CT (i), . . . , a.cr< r )) for a permutation a G S r such that a a m > • • • > a a (r)- If r = 0, 
then we say that a is an empty vector and write a = 0. Note that for a = we 
also have a ord = 0. 

Given 9 £ Nq with \9\ = n and a\,...,a r € Ai, denote by Tg{a\ 1 . . . ,a r ) the 
coefficient of o^ 1 ■ ■ ■ a e r r in {axa\ + • • • + a r a r ) n , where a, G F. Since the field F 
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is infinite, standard Vandermonde arguments give that Tg(a%, . . . , a r ) = holds in 

N n , d . 

Definition 2.1 (o/pwr 3 ,(a)). Let i be a letter and a = a\x ai ■ ■ ■ a r x ar a r +i G Ai, 
where r > 0, oi, a r +i G Adi, a.2, . . . , a r G Ad, a%, . . . , a r > 0, and deg x (a,i) = for 
all i. Then we denote by pwr I (a) = (ct\, . . . , a r ) the x-power of a. In particular, if 
deg x (a) = 0, then pwr x (a) = 0. 

Let a G N r , §_ G N s (r, s > 0) satisfy a = a ord and /3 = /3 ord . Then we write 
a > fi if one of the following conditions holds: 

• r < s; 

• r = s and ai = /3i, . . . , ai = /3;, > fii+i for some < I < r. 

As an example, (2, 2, 2) < (3, 2, 1) < (4, 1, 1) < (3, 3) < (4, 2) < (5, 1) < (6) < 0. 

Definition 2.2. Let x be a letter and a, b G Ad. Introduce the partial order > and 
the ^-equivalence on Ad as follows: 

• a > b if and only if pwr a ,(a) ord > pwr a ,(6) ord for some letter x and 
pwr y (a) ord > pwr y (&) ord for every letter y; 

• a b if and only if pwr y (a) ord = pwr J/ (6) ord for every letter y; in particular, 
mdeg a = mdeg 6. 

Remark 2.3. There is no an infinite chain a\ < a,2 < ■ ■ ■ such that a* G Ai and 
deg(ai) = deg(aj) for all 

Definition 2.4 (of the ^-equivalence). 

1. Let / = a i a i G A4f, where a* G F*, ai G .M, and a* ^ a,' for all i, i' . 
Then / x if / = in N n , d or / = £\ &ih in iV n ,d for some fa G F*, 
6j G Ad satisfying bj > ai for all 

2. If / = J^k fk G Air and x satisfies conditions from part 1 for all fc, 
then / x 0. 

Given /i G Air, we write / x/iif/-/ix0. 

It is not difficult to see that x is actually an equivalence on the vector space 
Air, i.e., x have properties of transitivity and linearity over F. Note that part 2 of 
Definition 12.41 is necessary for x to be an equivalence. 

Theorem 2.5. Let p = or p > §. T/ien 

n 

c n ,<j < rfy^(j - i)C[„/i], f/ + 1. 

Proof. There exists aw e Ai with deg(w) = C n .d — 1 and w ^ in iV n Moreover, 
by Remark 12.31 and N-homogeneity of N n< d we can assume that w ^ 0. Given a 
letter x, we write d(x*) for the number of i th in the x-power of w, i.e., 

pwr x (u;) ord = (at,...,ar,i,...,i, Pi,..., f3 s ), 

d(x*) 

where a r <i < 0i. Obviously, d(x l ) = for i > n. 
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Let 2 < i < n and a; be a letter. Then n = ki + r for k — [n/i] > 1 and 
< r < i. Consider elements a±, . . . , a k G M" x and 9 = ((i — l)k + r, l k ). Note 
that for a a = x l a a ru ■ • ■ £ GWfc) 3 * , a G S k , the following statements hold: 

• ffi ff ^ a T for all er, r G Sfe . 

• Let ix,...,i s > satisfy ii H h i s = (i — l)(fc + 1) and e , . . . , e s 6 .Mi 

be such products of ai, . . . , a& that for every 1 < j < k dj is a factor of 
one and only element from the set {eo, . . . , e s }. Moreover, we assume that 
e\,... , e s _i G M. Define e = eox ll e\x 12 ■ ■ ■ x ls e s ^ a a for all a G Sk- Then 
e > a a for all er G Sk- 

To prove the second claim, we notice that there are two cases. Namely, in the first 
case s = k + 1, eo = e k +i — 1, and ei = <x T (i)i • • • > e fe = a r(fe) f° r some r G and 
in the second case #pwr a .(e) < #pwr x (a ff ) for all a E S k - In both cases we have 
pwr x (e) ord > pwr a ,(a cr ) ord and pwr a (e) ord > pwr y (a (T ) ord for any letter y ^ x and 
any a £ Sk- The claim is proven. 

Since Tg(x, Oi, . . . , afc)a; l ~ r ~ 1 = in N rh d, we have X)o-eS fc a,T x Moreover, 

(2) va a w x 

for all v,w G A4i such that if u ^ 1 (w ^ 1, respectively), then its last (first, 
respectively) letter is not x. 

Let D = 2 k — 1. Since p = 0orp>|>fc, the Nagata-Higman Theorem 
implies that Ck,D < 2 fe — 1. For short, we write C for C k ,D- Thus j/i • • • yc = in 
Nk,D(yi, • • • , 2/d), where yi, . . . , yD are new letters. Since yi • ■ - yc is multilinear, 
an equality 

(3) Vi---yc = y^^auUpTikjui, . . .,uk)u k+ i 

u 

holds in M.f{y\,...,yc), where the sum ranges over (fc + 2)-tuples u = 
(wq, . . . , uk+i) such that u , iifc + i G -Mi(yi, . . . ,yc), tti, . . . , u k G M{yx, yc), 
and the number of non-zero coefficients a u G F is finite. 

Given b\,...,bc G .A/P 2 and < I < k + 1, denote by G .Mi the result 
of substitution yj — > x 1 ~ 1 bj (1 < j < C) in We apply these substitutions to 
equality (j3|) and multiply the result by x 1 ^ 1 . Thus, 

x t_1 &i • • -x^bcx 1 ^ 1 = y^OLgVoTx^vi, . . . ,Wfc)u fe+ ix J_1 

u 

in .Mp = M.w(xi, . . . ,Xd). For every u there exist ai,...,a k G M - ^ satisfying 
U; = a; l_1 a/ for all 1 < i < fe. If u^+i 7^ 1, then we also have Vk+i — x l ~ l a,k+i for 
some a k+ i G M^ x . Since T lf =(wi, . . . ,v k ) = J2aeS k V °W ' " v <r(k)> we nave 

r lfc (ui,...,w fe )wA ;+ ix I_1 = ^2 a °f' 

where / stands for 1 in case u k +i = 1 and for ak+ix 1 ^ 1 in case u k +i 7^ 1. Combining 
the previous two equalities with equivalence ([2]), we obtain 

(4) x^bx-'-x^Hcx*- 1 xO. 

Hence, the equivalence 6ox I_1 6i ■ • • x l ~ 1 bc+i x holds for all 61, . . . , be G .M" 1 
and bo, bc+i G A^i such that if 60 7^ 1 (bc+i ^ L respectively), then its last (first, 
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respectively) letter is not x. Since w ^ 0, we obtain 

dix 1 - 1 ) < C\ n/lld , 

and therefore deg x (w) < Xa<i< n (* ~~ •"■) ^[n/i],d f° r every letter x. The proof is 
completed. □ 



Remark 2.6. Since C\ >c i = 1, we can reformulate the statement of Thcorem l2.5l as 
follows. Let p — or p > ^ and m = [n/2]. Then C„.d < A n d + 1, where 

m 

A„ = y^(j - l)C[ n /i] jd + -(n + m- l)(n - m). 

i=2 

Example 2.7. To illustrate the proof of Theorem 12. 51 we repeat this proof in the 
partial case of n = 5 and p ^ 2. We write a, 6, c for some elements from MT X . 

Let i = 2. Then fc = [n/i] = 2 and r = 1. Since T3n(cc,a, 6) = in iV^d, we 
have the following partial case of ([5]): 

(5) xaxbx + xbxax x 0. 

Note that C2,d = 3 for all D > 2. We rewrite the proof of this fact, using formula ([5]) 
instead of the equality uv + vu = in N2,d' 

xax ■ bxc ■ x x —xb{xcxax) X (xbxax)cx x —xaxbxcx. 

Here we use dots and parentheses to show how we apply . Thus we obtain the 
partial case of formula (|4]): xaxbxcx x 0. Therefore, d(x) < 3. 

Let i = 3. Then fc = [n/i] = 1 and r = 2. Since T4i(x, a) = in N^^, we have 
x 2 ax 2 x 0. Considering i = 4,5, we can see that x 3 ax 3 x and x 4 aa; 4 x 0. Thus, 
d{x j ) < C x ,d = 1 for j = 2,3,4. 

The obtained restrictions on d{x J ) for 1 < j < 4 imply that degw < 12d. Hence, 
C 54 < 12d + l. 

3. Polynomial bound 
This section is dedicated to the proof of the next result. 

Corollary 3.1. If p > § , then C n . d < n lo&(3«J+2)+i_ 

Theorem l2. 51 together with the inequality Cj-i.d < Cj i( f for all j > 2 implies that 

fe 

[n/2i],d + 1 

3=1 

for 7i = (2* - 1) + 2 j + ■ ■ • + (2 J+1 - 2) = 3(2 j - l^" 1 and fc > satisfying 
1 < f < 2. Thus, 

(6) C n4 < yXyC [n/a , M , 
where ^ < 2 fc < n. 
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Let us fix some notations. If a is an arrow in an oriented graph, then we denote 
the head of a by a' and the tail of a by a", i.e., 

a 

or ^© ■ 

We say that a" is a predecessor of a' and a 1 is a successor of a". 
For every ! > 1 we construct an oriented tree T) as follows. 

• The underlying graph of Ti is a tree. 

• Vertices of TJ are marked with 0, . . . , I. 

• Let a vertex v be marked with i. Then v has exactly i successors, marked 
with 0, 1, — 1. If i < i, then w has exactly one predecessor. If i = I, 
then v does not have a predecessor and it is called the root of T\ . 

• If a is an arrow of Tj and a', a" are marked with i, j, respectively, then a is 
marked with 4P~*S, where 8 — 3d/2. 

Example 3.2. 




Here we write a number that is prescribed to a vertex (an arrow, respectively) in 
this vertex (near this arrow, respectively). 

If b is an oriented path in T/ , then we write deg b for the number of arrows in b 
and \b\ for the product of numbers assigned to arrows of b. Denote by Pi the set of 
maximal (by degree) paths in TJ. Note that there is 1-to-l correspondence between 
Pi and the set of leaves of XJ, i.e., vertices marked with 0. We claim that 

Cn,d <J2\ b \- 
b€P k 

To prove this statement we use induction on n > 2. If n = 2, then k = 1 and 
C2,d < 4(5 by ©, and therefore the statement holds. For n > 2 formulas (O and 
[[n/2 J ' 1 ]/2 J ' 2 ] = [n/2 J1+: ' 2 ] for all ji,j2 > together with the induction hypothesis 
imply that 

k 

j=i bePh-j 

The statement is proven. 
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Since the sum of exponents of 4 along every maximal path is k, we obtain that 
(7) C n4 < 4" 

Given 1 < r < k, denote by Pk, r the set of b € Pk with degb = r. We claim that 

where #Pk,r stands for the cardinality of Pk, r - To prove the claim we notice that 
Pk.r is the set of r-tuples (ji, . . . , j r ) satisfying ji,. ■■ ,j r > 1 and ji + ■ ■ ■ + j r = k. 
Hence #Pk, r is equal to the cardinality of the set of all (r — l)-tuples (gi, . . . , q r -i) 
such that 1 < qi < ■ ■ ■ < q r -\ < k— 1 since we can set ji = q\, ji = q% — Qi, ■ ■ ■ ,j r 
I: — q r -i- The claim is proven. 

Applying ([8]) to inequality (JTJ), we obtain 




Since 2 k < n, we have 



C n , d < n 2 ( 1 + y J = n l°g 2 (l+¥)+2 = n log 2 (3d+2) + l^ 

Corollary 13. II is proven. 

4. Corollaries 

Corollary 4.1. Let p > f . Then C nA < 4 • 2 n / 2 d. Moreover, if n > 30, then 
G nA < 2 • 2™/ 2 d. 

We split the proof of Corollary 14.11 into several lemmas. Let m = [n/2]. For 
2 < i < m denote 7,- = (i - 1)2™/ 1 and S n = 2 n ' 2 + 2 n / 3 (n - 4) + \{n + l) 2 . 

Lemma 4.2. For 3 < i < m the inequality 7^ < 73 holds. 

Proof. The required inequality is equivalent to the following one: 

(9) i-l<2-2 n T?7 

Let i ~ 4. Then n > 8 and it is not difficult to see that the inequality 3 < 2-2 ra / 12 
holds. 

Let i > 5. Then inequality © follows from i - 1 < 2 • 2 2 ™/ 15 . Since i - 1 < f , 
the last inequality follows from n < 4 • 2 2 "/ 15 , which holds for all n > 2. □ 

Lemma 4.3. for rt > 2 t/ie inequality 5 n < 4 • 2™/ 2 — 1 holds. Moreover, S n < 
2 ■ 2 n l 2 -1 in case n > 30. 
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Proof. Let n > 30. Then it is not difficult to see that 2 • 2"/ 2 - 1 - 5 n = 
(2™/ 2 - n ■ 2™/ 3 ) + (4 • 2"/ 3 - \ {n + if - l) > 0. If 2 < n < 30, then perform- 
ing calculations we can see that the claim of the lemma holds. □ 

Now we can prove Corollary 14. II 

Proof. If n = 2 or n = 3, respectively, then C n ,d < max{3,d} or C n ,d < 3d + 1, 
respectively (see Section [T]), and the required is proven. 

Assume that n > 4. By Remark 12.61 C rit d < A n d + 1. Since p > [n/i] for 
2 < i < m, the Nagata-Higman Theorem implies C[„/ji ^ < 2"' ! — 1. Thus, 

2<i<m 

where f3 n = i f— m(m — 1) + (m + n — l)(n — m)). Separately considering the 
cases of n even and odd, we obtain that /3„ < (n + l) 2 /4. Since m > 2, Lemma |4~21 
implies that 

7i < 72 + 73(m - 2). 

2<i<m 

It follows from the above mentioned upper bound on j3 n and the inequality m < ^ 
that A„ < <5„. Lemma l4~3l completes the proof. □ 

To prove Corollary 14.51 (see below) we need the following slight improvement of 
the upper bound from Nagata-Higman Theorem. 

Lemma 4.4. If p > n, then C n ,d < 7 • 2™~ 3 for all n > 3. 

Proof. If n = 3, then the claim of the lemma follows from C^,d = 6 (see Section [TJ. 
It is well known that 

(10) nx^ay 71 - 1 = 

in N„ t d f° r au a ,x,y (see [10]). Thus, C n ^d < 2C rl _i i d + 1. Applying this formula 
recursively, we obtain that C n ,d < 2™~ 3 C3,d + J2"=o ^ f° r n — 4- Since p > 4, the 
equality C^d = 6 concludes the proof. 

□ 



Corollary 4.5. Lei 4 < n < 9 and ^ < p < n. Then C n ^ < a n d + 1, where 
a 4 = 8, a 5 = 12, a$ = 24, 07 = 30, ag = 50, a g = 64. 

Proof. We have C^d = 3 in case p > 2 and C^d = 6 in case p > 3 (see Section []} 
By Lemma 14. 4[ C^d < 13 in case p > 4. Applying the upper bound on C„ j( 2 
from Theorem 12.51 recursively and using the above given estimations on Ck.d for 
k = 2, 3, 4, we obtain the required. □ 

The following conjecture is a generalization of Razmyslov's upper bound to the 
case of p > n and it holds for n = 2, 3: 

Conjecture 4.6. For all n, d > 2 and p > n we have C n .d < n 2 . 

Corollary 4.7. Assume that Conjecture \4-6\ holds. Then C n ,d < n 2 ln(n) d for 
I <p<n. 
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Proof. For n = 2, 3 the claim holds by Section [TJ 

Assume that n > 4. By Remark |2.6[ C n ,d < A n d + 1. Since p > [n/i], Conjec- 
ture 14.61 implies 

2<i<m 

where j3' n = \(jn + n — l)(n — to). Separately considering the cases of n even 
and odd, we obtain that (3' n < 3n 2 /8. Denote by £ m the m th harmonic number 
l + 5 + |H h ^. We have 

3 

A, < n 2 (£ m - 1) + -n 2 - 1. 

o 

Since £ m < lnm + 7 + where 7 < 1 is Euler's constant (for example, see pages 
73 and 79 of [11]), 



An < n I In to + - J - 1 < n ln(n) - 1 
and we obtain the required inequality. □ 



Remark 4.8. Using another approach, in recent paper [?] Belov and Kharitonov 
obtained the following upper bounds on C n ^ for all p: 

1) C n . d < 4 lo S3(64)+5 . ( n i2yog 3 (4n)+i d (Corollary 1.16 from @]); 

2) C n \ d < 256 • n 8iog 2 («)+22 d ( gee Theorem 1.17 from g]); 

where the second estimation is better for small n. These bounds are linear with 
respect to d and subexponential with respect to n. 

Let us compare bounds 1) and 2) with the bound from Corollary 14.11 in case 
P > f : C, hd < 4 • 2"/ 2 d. If n » is large enough, then bounds 1) and 2) 
are essentially better than the bound from Corollary 14.11 On the other hand, for 
4 < n < 2000 the bound from Corollary 14.11 is at least 10 20 times better than 
bounds 1) and 2). This claim follows from straightforward computations. 

5. The case of n = 4 



Theorem 5.1. For d > 2 we have 

• C 4 , d = 10, ifp = 0; 

• 3d < Ci.d, ifp= 2; 

• 3d + 1 < C iA < 3d + 4, ifp= 3; 

• 10 < C M < 13, ifp>3. 

In what follows we assume that n = 4 and p ^ 2 unless otherwise stated. To 
prove Theorem 15.11 (see the end of the section) , we introduce a new ^-equivalence 
on A^f as follows. Given aef and /3 € N s (r, s > 0), we write 

a)^P if r < s. 

Using >- instead of >, we introduce the partial order >- on M. similarly to Def- 
inition 12.21 Then, using the partial order >~ on M instead of > , we introduce 



ON THE NILPOTENCY DEGREE OF THE ALGEBRA WITH IDENTITY x n = 0. 11 

the ^-equivalence on Air similarly to the x-equivalence (see Definition 12. 4j) . The 
resulting definition of « is the following one: 

Definition 5.2 (of the w -equivalence on Aiw). 

1. Let / = J2i a i a i £ -M-v, where on G F*, a% G Ai, and #pwr y (ai) = 
#pwr y (ai') for every letter y and all i, i' . Then / ss if / = in N„ : d 
or / = J2j Pjbj in N n ^ d for e¥*, b 3 e M satisfying 

• #pwr 2 ,(ai) > #pwr x (bj) for some letter x, 

• #pwr y (ai) > #pwr a (6 :) ) for every letter y 
for all i, j; 

2. If / = /* e an< ^ /fc ~ satisfies conditions from part 1 for all k, 
then / w 0. 

Given h G Mr, we write fmhiff — h~0. 



Remark 5.3. Note that the partial order > on Ai is stronger than >-. Namely, 
for a, b G Ai we have 

• if a >- b, then a > 6; 

• if a > b, then a >- 6 or a w 6. 

Therefore, x-equivalence on Mf is weaker than ^-equivalence. Namely, for /, h G 
M| the equality f ~ h implies / x /i, but the converse statement does not hold. 

Let a, 6, c, ai, . . . , 04 be elements of Ai. By definition, 

• Ti(a) — a 4 , 

• T 3 i(a, b) = a 3 b + a 2 ba + aba 2 + ba 3 , 

• ?2ii(a, k> c ) = a 2 bc + a 2 cb + ba 2 c + ca 2 b + bca 2 + cba 2 + abca + acba + abac + 
acab + baca + cabc, 

• ^22 (a, b) = a 2 b 2 + b 2 a 2 + abab + baba + ab 2 a + ba 2 b, 

• TWdi, ... , a 4 ) = J2cr£Si a "-(i) " ' ' a o-(4) 

(see Section H]). Then 

T 4 (a)=0, r 31 (a,6)=0, T 2 n(a, b, c) = 0, T 22 (a, 6) = 0, ^4(01, • . . , a 4 ) = 

are relations for N^d, which generate the ideal of relations for N^d- Multiplying 
T^i(a, b) by a several times we obtain that equalities 

(11) a 3 ba + a 2 ba 2 + aba 3 = 0, 

(12) a 3 ba 2 + a 2 ba 3 = 0, 

(13) a 3 ba 3 = 
hold in Ni t d- 

Remark 5.4. Let / G Air- Denote by inv(/) the element of Aiw that we obtain 
by reading / from right to left. As an example, for / = x\x2 — X3 we have inv(/) = 
-£3 + x 2 x\. 
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Obviously, if / = in N n> d, then inv(/) = in N n ,d- Similar result also holds 
for ^-equivalence. 

Lemma 5.5. Let x be a letter and a,b,c £ A4^ x . Then the next relations are 
valid in N^d-' 

(14) x 3 axbx 2 = —x 3 ax 2 bx, xax 3 bx 2 = x 3 ax 2 bx. 
Moreover, the following equivalences hold: 

(15) xax 2 pa —x 2 ax, 

(16) x l axbx pa 0, xax l bx pa 0, xaxbx 1 pa 
for i = 2, 3, 

(17) xaxbxcx pa 0. 

Proof. We have 

i 3 aT 3 i(a;, 6) = x 3 ax 3 b + x 3 ax 2 bx + x 3 axbx 2 + x 3 abx 3 = 

in N^d- By equality (|13p , x 3 axbx 2 = —x 3 ax 2 bx in AT 4 ^. Similarly we can see that 

Tsi(x, ax b) = x 3 ax 3 b + x 2 ax 3 bx + xax 3 bx 2 + ax 3 bx 3 = x 2 ax 3 bx + xax 3 bx 2 = 

in N^ a. By (fT2")l . x 2 ax 3 bx — —x 3 ax 2 bx in iV^d and equalities (TT4")) are proven. 
Since 131(2;, a) = in iV^d, equivalence (JTSJ) is proven. 

Let i = 2. By (|T5l) . xaxbx 2 pa —xax 2 bx pa x 2 axbx. On the other hand, (fT5"|) 
implies xaxbx 2 pa —x 2 axbx. Equivalences (|16|) for i = 2 are proven. 

Let i = 3. Since T2n(a;, a, x 3 &) = and x 3 T2n(x, a, b) = in iV^d, we have 

xax 3 bx + x 3 bxax pa and x 3 axbx + x 3 bxax pa 0, 

respectively. Thus, x 3 axbx pa xax 3 bx. Using Remark 15. 4[ we obtain 

(18) x 3 axbx pa xax 3 bx pa xaxbx 3 . 
The equality x 2 aT^\{x, a) = implies 

x 2 axbx 2 + x 2 ax 2 bx pa 0. 

Applying relation (fTTj) . we obtain 

x 3 axbx + xaxbx 3 + x 3 axbx + xax 3 bx pa 0. 

Equivalences (H"8|) complete the proof of (IT6)) . 

Since T2n(a;, a, bxcjx = and T2n(x, a, b)xcx = in iV4,d, we obtain 

xaxbxcx + xbxcxax pa and xaxbxcx + xbxaxcx pa 0, 

respectively. The equality a;6T2n(a;, a, c)a; = in iV^d implies 

xbxcxax + xbxaxcx pa 0, 

and therefore xaxbxcx ~ 0. □ 

If a 6 N r , j8 G N s , then we write a C /3 and say that a is a subvector of /3 if 
there arc 1 < i\ < • ■ • < i r such that ol\ — 0^ , . . . , a r — f3 ir . 

Lemma 5.6. If f € Mw, then f = in N^d or f — £\ c^ai in N^^ for some 
«j £ F*, ai £ A4 such that for every letter x pwr a ,(ai) belongs to the following list: 

. 0, (1), (1,1), (1,1,1), 
• (2), (2,1), 
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. (3), (3,1), (1,3), (3,2), (3,2,1). 

Moreover, we can assume that for all pairwise different letters x, y, z and all i the 
following conditions do not hold: 

a) pwr x (a,i) = (3,2, 1) and (3) C pwr y (oi); 

b) (3) is a subvector of pwr 2 .(a,), pwr y (ai), and pwr z (ai) ; 

c) (3,2) is a subvector of pwr x (aj) and pwr^Oj). 

Proof. Let i be a letter and / = Pfij f° r Pj £ ^* an( l bj G M. We claim 

that the statement of the lemma holds for / for the given letter x. To prove the 
claim we use induction on k = max{#pwr 2 ,(6 :( ) | j G J}. 
If k = 0,1, then the claim holds. 

If bj = b\jX b%jX b$j for some b%j, b2j,b^j G M.~^ x , then dj — —bijX 5 b2jxb^j — 
bijxbijX b3j in N^d by relation (fTT|) . Note that #pwr x (&j) = #pwr x (bijX 3 b2jXb3j) = 
#pwi x (bijxb2jX 3 b3j). Moreover, if (2, ... ,2) C pwr x (6j-), then we apply (fTTj) sev- 
eral times. Therefore, without loss of generality can assume that (2, 2) is not a 
subvector of pwr x (bj) for all j. 

If one of the vectors 

(r),r>3; (3,3); (a, 1,1), (l,s,l), (1, 1, s), s e {2, 3}; (1,1,1,1) 

is a subvector of pwr 2 .(6 :/ ), then 6j « by the equality x A — in A 7 ^ and formu- 
las KB!}, (0, (d3), respectively. Thus, / « or / « E je ./ for such J o C J 
that for every j £ Jo the vector pwr a .(6j) up to permutation of its entries belongs 
to the following list: 

0, (1), (1,1), (1,1,1), (2), (2,1), (3), (3,1), (3,2), (3,2,1). 

Let j G J Q . If pwr x (bj) = (<r(l), cr(2), <r(3)) for some a G S3, then applying re- 
lations (TT2"j) and ([b±)) we obtain that bj = ±Cj in N4, d for a monomial cj G .M 
satisfying pwr a .(cj) = (3,2, 1). If pwr x (bj) is (1,2) or (2,3), then we apply formu- 
las (IT5|) or (IT2|) . respectively, to obtain that 6j « — Cj for a monomial Cj G .M with 
pwr x (cj) G {(2, 1), (3, 2)}. So we get that / w /i for such /i G .Mf that the claim 
holds for /i. The induction hypothesis and Definition 15.21 complete the proof of the 
claim. 

Let y be a letter different from x. Relations from the proof of the claim do not 
affect y-powers. Therefore, applying the claim to / for all letters subsequently, we 
complete the proof of the first part of the lemma. 

Consider an a G M. If a satisfies condition a), then relations (fT2"j) and (fTi|) 
together with relation (ITU1) imply that a — in A/4 d- If a satisfies condition b) 
or c), then relations (fTTJj) and (Tl2"j) imply that a = in A^. Thus, the second part 
of the lemma is proven. □ 

The following lemma resembles Lemma 3.3 from [21] . 

Lemma 5.7. Let p = 2 and 1 < k < d. For every homogeneous f G Mw of 

multidegree (9i, . . . , Od) with 6^ < 3 and #! + ••• + #fe-i + $fc+i H h ^ > we 

define 7Tfc(/) G .Mf as i/ie result of the substitution Xk — > 1 m a, where 1 stands for 
the unity of M.\. 

Then f = in N^d implies TTk(f) = in N*t,d- 
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Proof. Let a,b,c,u G M. By definition, TTk(ab) = nk(a)nk(b). Then by straight- 
forward calculations we can show that iTk{Tzi{a, b)) — 0, nk(T2ii(a, b, c)) = 0, 
7Tfe(722(a, &)) = 0, and TTk(T 1 4(a,b,c,u)) — in N^d- The proof is completed. □ 

We now can prove Theorem 15.11 

Proof. If p — 0, then the required was proven by Vaughan-Lee in [28] . If p > 3, 
then the claim follows from Kuzmin's low bound (see Section [1]) and Lemma 14.41 

Let p = 2 and a = x\ ■ ■ ■ x^. Assume that a = in JV4 <j. Applying 7r l7 . . . , Ttd-i 
from Lemma 15.71 to a we obtain that x d — in N^_d] a contradiction. Thus, 
C^.d > deg a — 3d. 

Assume that p — 3. Consider an a 6 A4 such that a ^ in A^d- 
Applying Lemma 15.61 to a, without loss of generality we can assume that a 
satisfies all conditions from Lemma 15.61 Denote ti = deg x . (a) and r — 
#{i I (3) is subvector of pwr^. (a)}. Then 

a) U < 6; 

b) if U > 4, then (3) C pwr^ (a) 
for all 1 < i < d. 

If r = 0, thendeg(a) < 3d by part b). If r = 1, thendeg(a) < 6+3(d-l) = 3d+3 
by parts a) and b). 

Let r = 2. Then without loss of generality we can assume that (3) is a subvector 
of pwr xi (a) and pwr X2 (a). Since condition a) of Lemma [5.61 does not hold for a, 
(3, 2, 1) is not a subvector of pwr^. (a) for i = 1, 2. Hence, t%, ti < 6. If t\ = £2 = 5, 
then condition c) of Lemma l5.6l holds for a; a contradiction. Therefore, t\ +t2 < 9. 
By part b), t{ < 3 for 3 < i < d. Finally, we obtain that deg(a) < 3c? + 3. 

If r > 3, then a satisfies condition b) of Lemma T5. 61 a contradiction. 

So, we have shown that deg(a) < 3d + 3, and therefore 64^ < 3d + 4. On the 
other hand, 64^ > 63^ = 3c? + 1 by [TH]. The proof is completed. □ 

Remark 5.8. Assume that n = 4 and p = 3. Let us compare the upper bound 
C^d <3d-\-3 from Theorem 15.11 with the known upper bounds on C^d- 

• Corollary 14.51 implies that C^d < Sd + 1; 

• bounds by Belov and Kharitonov (J imply that C^ t d < B4CI, where B4 > 
10 20 (see Remark [Ql for details); 

• bounds by Klein [TS] imply that C^ d < ^-d 4 and C^ d < 2 128 d 2 (see 
Section Q] for details). 



The general linear group GL(n) acts on c?-tuples V = (F nXTl ) e<i of n x n matrices 
over F by the diagonal conjugation, i.e., 



where g £ GL(n) and A±, . . . , lie in F nxn . The coordinate algebra of the afhnc 
variety V is the algebra of polynomials R = F[V] = F[xij(k) \ 1 < i,j < n, 1 < k < 
c?] in n 2 <i variables. Denote by 



6. GL(n)-INVARIANTS OF MATRICES 



(19) 



5 - (Ax,..., A4) = (gA ig 
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the fc th generic matrix. The action of GL(n) on V induces the action on R as 
follows: 

g ■ Xij(k) = (i,j) th entry of g~ 1 X k g 
for all g G GL{n). The algebra of GL(n) -invariants of matrices is 
RGUn) ={fe ¥[v] \ g .f = f for a u g G GL(n)}. 

Denote coefficients in the characteristic polynomial of an n x n matrix X by 
c7 t (X), i.e., 



In particular, ao(X) = 1, <Ji(X) = tr(A), and a n (X) = det(X). 

Given a = Xi t ■ ■ ■ Xi r G M, we set X a = X^ ■ ■ ■ Xi r . It is known that the algebra 
R GL(n) c R ig genera ted over F by a t (X a ), where 1 < t < n and a G M (see [7]). 
Note that in the case of p = the algebra i? Gi (") is generated by tr(X ), where 
a E A4. Relations between the mentioned generators were established in [3D] . 

Remark 6.1. If G belongs to the list 0(n), Sp(n), SO(n), SL(n), then we can 
define the algebra of invariants R G in the same way as for G = GL(n). A generating 
set for the algebra B is known, where we assume that charF ^ 2 in the case of 
0(n) and SO{n) (see [31], [20] ). In case p = and G ^ SO(n) relations between 
generators of R G were described in 25 . In case p =/= 2 relations for R°^ were 



By the Hilbert-Nagata Theorem on invariants, i? Gi (") is a finitely generated 
No-graded algebra by degrees, where deg a t (X a ) — tdega for a G M. But the 
above mentioned generating set is not finite. In [S] the following finite generating 
set for R GL ( n > was established: 

• o- t {Xa), where 1 < t < | , a G M, deg a < C n , d ; 

• o- t (Xi), where ^ < t < n, 1 < i < d. 

We obtain a smaller generating set. 

Theorem 6.2. The algebra R GL ( n ^ is generated by the following finite set: 

• at(X a ), where t = 1 or p <t < -|, a G dega < C[ n / t i !( j; 

• ^(Xi), w/iere ^ < t < n, p < t, 1 < i < d. 

To prove the theorem, we need the following notions. Let 1 < t < n. For short, 
we write at (a) for at(X a ), where a G M. Amitsur's formula pQ enables us to 
consider at (a) with a G M.v as an invariant from R GL ( n > for all t G N. Zubkov [30] 
established that the ideal of relations for i? Gi ( n ) is generated by at (a) = 0, where 
t > n and a G A^f- More details can be found, for example, in [22]. Denote 
by I(t) the F-span of elements a tl (ai) • • • a tr (a r ), where r > 0, 1 < t\, . . . , t r < 
t, and ai,...,a r G M. For short, we write / for I(n) = R GL ( n \ Denote by 
/ + the subalgebra generated by No-homogeneous elements of / of positive degree. 
Obviously, the algebra / is generated by a set {fk} C / if and only if {ft} is a basis 
of / = J/(7 + ) 2 . Given an / G I, we write / = if / = in I, i.e., / is equal to a 
polynomial in elements of strictly lower degree. 



n 



(20) 




described in [22 ] . [25 ] . 
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Proof. Let 1 < t < n, m = [n/t], and a, b G Mw- We claim that 

(21) there exists an / G I(t — 1) such that a t (ab m ) = f. 

To prove the claim we notice that the inequality (m + l)t > n and the description 
of relations for i? GL (") imply C( m+1 ) t (a + b) = 0. Taking homogeneous component 
of degree t with respect to a and degree mt with respect to 6, we obtain that 
a t (ab m ) e or a t (ab m ) = Yli a i (J t i {ai), where en G F*. 1 < tj < t, and Oi is a 
monomial in a and 6 for all i. By Amitsur's formula, cr ti (ai) = AjOVy (^y) f° r 
some G F*, 1 < r,-j < tj, 6y G AL Thus, ai(7t 4 (a») £ — 1) an( i the claim 
is proven. 

Consider a monomial c G M satisfying degc > C m ,d- Then c = c'x for some 
letter x and c' G M.. Since c' = in N m ,d, we have c' = J2ili u i v T w i f°r some 
G Mi, Vi G A4 F , 7i G F. Thus cr t (c) = cr t (£\ OjUj^f «;»a:). Applying Amit- 
sur's formula, we obtain that <Tt(c) — ^ a\at{uiV™"Wix) G /(< — 1). Statement (l2Tj) 
implies 

(22) cr t (c) ee ft for some ft G lit — 1). 

Consecutively applying (|2"21 to £ = n, n— 1, . . . , 2 we obtain that i? GL (") is generated 
by <Tt(a), where 1 < t < n, a G A 7 !, dega < C\ n n],d- Note that if t > S, then m = 1 
and C mj d = 1. If t < p < n, then the Newton formulas imply that Ot(a) is a 
polynomial in tr(a l ), i > (the explicit expression can be found, for example, in 
Lemma 10 of [El]). The last two remarks complete the proof. □ 

Conjecture 6.3. The algebra R GL ( n ^ is generated by elements of degree less or 
equal to C n ^d- 

Remark 6.4. Theorem 16.21 and the inequality C n _d > n imply that to prove 
Conjecture 16.31 it is enough to show that 

tC[ n / t ].d < Cn,d 

for all t satisfying p < t < II. Thus it is not difficult to see that Coniecture l6.3l holds 
for n < 5. Moreover, as it was proven in [5] (and also follows from Theorem 16.21) . 
Conjecture 16.31 holds in case p = or p > j. 
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